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Synopsis 


It is shown that a satisfactory solution of the problem of the energy distribu- 
tion in a gravitational field can be obtained in the framework of a tetrad formu- 
lation of the gravitational theory. Besides the usual gravitational field equations, 
a set of six supplementary equations, needed for a unique determination of the 
energy-momentum complex, is formulated and discussed in detail. The results is 
a revival of Einstein's old idea of ,,Fernparallelismus” and the discovery of new 
geometrical properties of the space-time continuum. 


Printed in Denmark 
Bianco Lunos Bogtrykkeri A-S 


1. Introduction and Summary 


hortly after Einstein had put forward his general theory of relativity in 1916 

the question of the energy of the gravitational field was discussed in a number 
of papers by various authors (”, ErnstEerIn himself was able to define an "'energy- 
momentum complex” Ø,”, depending algebraically on the metric tensor and its deri- 
vatives, which satisfies the local conservation law and gives a satisfactory description 
of the total energy and momentum of a closed system. In this connection it is essential 
that the expressions for the total momentum and energy, viz. 


il a må (0 
P=zN)) OG da" da? def, (ED) 
EL ons. 


are constant in time and are transformed like the components of a free 4-vector 
under linear space-time transformations. On the other hand, the integral 


g | | | Of dæ'dede (1.2) 
VvV 


extended over a finite volume V in 3-space depends particularly on the choice of 
spatial coordinates (æ', x?, æ?) used in the evaluation of the integral, i. e. the quantity 
(1.2) cannot be interpreted unambiguously as the energy content of the volume V. 
The conclusion of these early investigations was, therefore, that it had no well-defined 
physical meaning to speak of a definite distribution of the gravitational energy through- 
out space. Ås a consequence, no gravitational analogue to Pointing's theorem, which 
regulates the distribution and flow of energy in an electromagnetic field, could be 
formulated by means of the complex Q,”. This circumstance made it difficult to treat 
problems of gravitational radiation in an unambiguous way. Moreover, although we 
have to be prepared for the possibility that familiar notions of ordinary field theory 
may lose their meaning in general relativity, it seems rather strange that a simple 
notion like the energy content of our laåaboratory should have no exact meaning be- 
cause the laboratory is placed in the gravitational field of the earth. 

For these reasons the discussion was taken up again a few years ago. In a paper 
in the Annals of Physics?& from 1958 it was shown that another complex T,” could 
be defined which seemed to satisfy all requirements, in particular the conditions of 
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localizability of the energy and of local conservation. Moreover, in a series of papers 
by different authors& this particular complex T, ” was derived also by application 
of the method of infinitesimal transformations (Noether's theorem) to the curvature 
scalar density, which is the variant in the variational principle of the gravitational 
field equations. Thus it seemed that a final solution of the energy problem had been 
reached and that the gravitational field possessed more of the usual properties of 
fields than had hitherto been assumed. 

However, in a recent paperW it was shown that the complex T;" suflers from 
a serious deficiency which makes it impossible in general to use T;” as the energy- 
momentum complex. In fact it was found that the quantities obtained from (1.1) 
by substitution of T;f for 0,” do not have the right transformation properties under 
all linear transformations. Besides, it could be shown that no complex at all exists 
which is an algebraic function of the metric tensor and its derivatives and satisfies 
all the aforementioned requirements, including that of localizability of the energy. 

On the other hand, it was indicated that a way out of this dilemma might possibly 
be found if the usual description of gravitational fields by means of the metric tensor 
was replaced by a "tetrad formulation”. In the present paper it is shown that this 
idea may be developed into a consistent scheme that furnishes a solution to the pro- 
blem of the energy distribution in gravitational fields and at the same time throws 
new light on earlier attempts at a unification of gravitation and electromagnetism. 

In the next section, the energy-momentum complex T,” is defined as a function 
of the tetrad field functions h'(æ) and their space-time derivatives of the first and 

a 


second orders. It is proved that, for a suitable choice of the tetrads, T,” satisfies all 
desirable requirements, including the localizability condition, and the condition that 


T," de" de? dæ" (ES) 


……—…— 
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is transformed like a 4-vector under arbitrarv linear-coordinate transformations. 

While the metric is defined by ten functions 9;,(x), the tetrad field contains sixteen 

functions h'(æx). The latter functions determine the metric tensor g9;x uniquely, but 
a 

for given 9;,(7x) there is a certain latitude in the choice of the tetrads h" corresponding 


a 
to arbitrary independent rotations of the four unit vectors constituting the tetrads 


in the different space-time points. Now, it turns out that the complex Tit [At (a)] as 
a 


a function of the tetrad functions h'(æx) and their derivatives is not invariant under 
a 


arbitrary independent rotations of the tetrad vectors. Therefore, in order to get a 
complex T,"(x) which is a unique function of the coordinates for a given physical 
system, we have to specify the relative orientation, in different points, of the tetrads 
entering the expression T,"(A'(æx)|. Thus, besides the gravitational field equations of 


EINSTEIN, which determine the metric, we obviously need a set of six independent 
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supplementary equations in order to single out the preferred tetrads to be applied 
in the expression Ti | (æ)] for the energy-momentum complex. 
a 


Section 3 is devoted to the setting up of these supplementary equations. They 
turn”out to be of the form 


ix =0, (1.4) 


where P;x is an antisymmetric tensor which is an algebraic expression in the tetrads 
h(x) and their derivatives of the first and second orders. Since the equations (1.4) 
a 


are differential equations, it is also necessary to specify a set of boundary conditions 
at spatial infinity in order to obtain a unique fixation of the relative orientation of 
the preferred tetrads. For a rather wide class of physical systems, viz. insular systems, 
these boundary conditions are formulated in section 3. 

In section 4, the case of weak gravitational fields is treated in detail. It is shown 
that the finally adopted supplementary equations together with the boundary con- 
ditions determine the relative orientation of the preferred tetrads uniquely. In "har- 
monic” coordinates the solutions of the gravitational field equations and the supple- 
mentary equations are particularly simple, and the same holds for the resulting 
energy-momentum complex T,”(x), but the theory is generally covariant, and there 
is no question of any preferred systems of space-time coordinates. 

In section 5, the properties of the space-time continuum of the theory developed 
in sections 2—4 are briefly discussed. The decisive step in that development was the 
introduction of a definite tetrad lattice (or rather of a certain restricted class of tetrad 
lattices) consisting of tetrads in every point with a fixed relative orientation. This 
circumstance allows us to speak in an unambiguous way of parallelism of vectors 
at distant points when they have equal components with respect to the local tetrads 
at these points. Therefore, strictly speaking, the space-time continuum in this theory 
is not an ordinary Riemannian space, where the notion of parallelism at a distance 
has a meaning only with respect to a definite curve connecting the distant points. 
Space-time is here rather a space of the type considered first by WEITZENBOCKO), 
although it may always be pictured as a Riemannian space with a built-in tetrad 
lattice. 

This circumstance puts one in mind of E1NstEINnN's old idea of '"'Fernparallelis- 
mus”, by which he hoped to arrive at a unified theory of gravitation and electromagne- 
tism&, and it suggests a rather natural generalization of the theory briefly discussed 
in the last section of this paper. 

Since the number of tetrad functions h'(æx) exceeds the number of the metric 

a 


components g;(7), it is quite natural to assume that the tetrad field actually describes 

a larger domain of physical phenomena than mere gravitation, and, on account of 

the excess number of variables being just six, one might assume that the sixteen 

variables h(x) describe the unified field of gravitation and electromagnetism. In- 
a 


stead of regarding the equations (1.4) as supplementary field equations, as is done 
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in sections 2—5, one should then rather think of them as expressing a particular phy- 
sical situation, viz. the case where no electromagnetic fields are present. In general, 
the equation (1.4) would then have to be replaced by other equations, as for instance 


Dyr = Fy (TT) (1.5) 


where F,,(æ) is the electromagnetic field tensor determined by Maxwell's equations 
in their usual general-relativity form. 

It should be noted that the field equations arrived at in this way are entirely 
different from those of the unified theory of Einstein. However, they are quite similar 
to a set of equations put forward at that time by Levi-Civira(”. It still remains to 
be seen whether a generalization of the formalism developed in sections 2—5 along 
the lines indicated in section 6 can be carried through in a consistent way. 


2. Survey of Earlier Results 


In the paper! mentioned in the introduction it was shown that no '"energy- 
momentum complex” T,” with the following properties exists: 


1. T,”(æ) is an affine tensor density depending algebraically on the components of 
the metric tensor g” and their derivatives of the first and second orders. 
2. TF satisfies the local conservation law 


TE K=— =0Q (Gl) 


identically. 
3. For a closed system, where space-time is flat at spatial infinity and.where we can 
use asymptotically rectilinear coordinates (x”) = (æx', x7), the quantities 
p TAL ea ie re T 4 i 1 d > a 
CE | nm dæsdægdæ 22) 


æ! = const. 


are constant in time, and they are transformed as the covariant components of a 
free vector under linear space-time transformations. This property is essential for 
iherinterpretationkor eee WP, H[c) as the total momentum and energy vector. 
4. TY = T,” is transformed like a 4-vector density under the group of purely spatial 
transformations 

DE. (ANE Er (2.3) 
The last-mentioned property is necessary in order to make the energy content of a 


finite volume of space V, i.e. 


es = | | | Ty" dx! da” dø, (DSA) 
vz 


Net0 i: 


independent of the spatial coordinates used in the evaluation of the integral. Thus, 4. 
is the condition of localizability of the energy in a gravitational field. 
The energy-momentum complex Q,” given by Einstein is of the form 


0," = V-g (ERE RG (2.5) 
with the ""superpotential” 


NE eye ADD Sr] er (2.6) 
2x V— 9 


Here 77 is the matter tensor which appears as the source of the gravitational field in 
EINSTEIN's field equations 


GE= RE de E JE: (27) 


and å,” is a homogeneous quadratic function of the first-order derivatives of the metric 
tensor. Thus, for a closed system, where the metric is given asymptotically by the 
Schwarzschild solution, we have for large spatial distances r 


DÅ 


1 1 
or —0 or—0(3) (2.8) 


Å 


EINSTEIN's energy-momentum complex Ø,” has the properties 1.—3. Actually 3. 
is a consequence of 1. and 2. together with the asymptotic behaviour (2.8). However, 
Q,” does not satisfy the localizability condition 4. For this reason EINSTEIN came to 
the conclusion that, in general relativity, the energy content Hy of a finite part of space 
has no exact physical meaning. 

On the other hand, the complex 


gg E EGER | SO) 


K 
LER SA 
Bd SEJE FE == FE NM (re m” Jim, nn) EEG (EG 


proposed in a previous paper?) satisfies the conditions 1., 2. and 4., but not 3. As 
was shown in detail in (, this is due to the fact that ØS does not show the asymptotic 
behaviour (2.8) for a closed system, but instead 


TE —0 (1) (2.10) 


for r> wo. Furthermore it was shown by M. MaGnusson() that the complex (2.9) is 
the only expression satisfying 1., 2. and the localizability condition 4., and, as was 
shown in (”, EINSTEIN's expression (2.5 —6) is the only complex satisfying 1.—3. 
… Therefore it is necessary to give up at least one of the properties 1.—4. Now, for phy- 


sical reasons it seems hard to abandon the conditions 2.—4., so the only possibility 
9% 
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left is to discard the condition 1. For instance, we might substitute for 1. the less spe- 
cific assumption that 

1'.TF(æ) is an affine tensor density depending in a covariant way on a set of field 
”ariables that determine the gravitational field uniquely. 

In the last section of W it was indicated how this might be done. The starting 
point of the considerations was the remark that the components 9% of the metric 
tensor are probably not the truly fundamental field variables, since for instance the 
field equations for a fermion field in the presence of a gravitational field cannot be 
expressed in terms of these variables onlv. On the other hand, it is well known that 
in such cases the gravitational field may be described by ”tetrads", i. e. by the com- 
ponents of four orthogonal unit vectors attached to every point in space-time. If we 
label these vectors with an index a running from 1 to 4, the contravariant compo- 
nents of the tetrad vectors are sixteen functions h'(x) of the coordinates (x), which 

a 
may be regarded as the fundamental gravitational variables. 


The covariant components of the tetrad vectors are 


hk, = 94. (241) 


aq a 
One of the vectors, say hf, is a time-like vector, the others hf are space-like; the ortho- 
4 


a 
normality of the tetrads may then he written 


NE 9 46 
RR = 1495 (2.12) 
a db 

where %,44 is the constant 4x 4 matrix 


SR 
"ad = Ea) ( SÅ || 


STA UR BTS IV | 


a 


(2.13) 


(The parenthesis after the index a in (2.13) indicates that no summation over a should 
be performed!). 
Along with the vectors h' we introduce the vectors 

a 


ad. 2 z a 
DRE and] (SES (ERR SES (2.14) 
(vÆ a a 
Then (2.12) may also be written 
b < = 
hy" = 08 (2.15) 
OT 
vove 25 
h,hi=m' (2.16) 


Let 
bå bed) S 
h=det)h. (ZL) 
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be the determinant with the element hk, in the a'th row and the i'th column. Then 
a 


- - ”- ad. . - - 
it follows from (2.15), with b = a, that fh" is equal to the conjugate minor of the ele- 
ment hf, in this determinant divided by h. Therefore we also have 

a 


a 
h, hk — OK (2.115) 
a 
anmdehences by (ASE): 
g a da , 
BE == dare ET æg, Cal9) 
a a 
Eurtherksincer by (214) 
a 
eres ar er FAÅ Eb 2320 
IN er DAGE] ek 


we obtain from (2.19) for the determinant g = det NOGEN 
EEN VE (2.21) 


For a given tetrad field h, the metric tensor g;x is determined by (2.19). How- 
a 


ever, for a given metric g;x the tetrad field is by no means completely determined, 
since any rotation (Lorentz transformation) of the tetrads leads to a new set of te- 
trads 4 which also satisfy (2.19). In fact 'we have 

a 


b b 
10 YAO GTR (2.22) 
a a b a a b 


b 
where the "rotation coefficients” Q(x) and the functions 
a 


a b 
Q(æ)= 89) Ep) 2 (7) (EPS) 


are scalars satisfying the orthogonality conditions 


cb c b 2 
2Q2=0Q2= 6. (2.24) 
(As a general rule the tetrad indices a, b... are lowered and raised by means of 
the constant matrices 144 = ÅR while the tensor indices 7, k,... are raised and 
lowered by means of the metric tensor 9g;!). 
Hence, 
a (0; b b 
MG År =Q20R, Fy = 4 bh, = gar (2225) 


for arbitrary functions 2(æ) satisfying (2.24). Since the homogeneous Lorentz group 
a 


is a 6-parametric group, the general solution h,(æx) of (2.19) for given g,;,(æxæ) contains 
- . . a 
six arbitrary functions. 
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By means of (2.19) any function of the g;%'s and their derivatives can be ex- 


pressed in terms of the tetrads hf and their derivatives. All expressions of this kind 
a 


will of course be invariant under arbitrary rotations (2.22) of the tetrads. In particular 
this holds for the curvature scalar density which, as shown in Appendix Å, can be 
written in the form 


R=/-g9R= 2L+Fh, (2.26) 


where &£ is a homogeneous quadratic form in the first-order derivatives of the hf, 

a 
while h has the form of a divergence of a vector density. The explicit expression 
forts 


F= a 
S=1Ai(a",, ke, BRSRER (2.27) 


which is a scalar density under arbitrary space-time transformations in contrast to 

the usual Lagrangean £= L(gf, ED: which has this property only under linear 
b 

transformations. £ is also invariant under rotations (2.22) with constant Q, but not 
a 

under the general group of rotation with varying coefficients. This circumstance is 

of importance for the later development. 

Since h has the form of an ordinary divergence, we may disregard it in the 
ad . (0 iz 
variational principle, i. e., for any variation åh” of the variables h” that vanishes 
at the surface of a region ZX in 4-space we have 


oT U å9 FÅ a åg a É (2,28) 
Å - åg" dx = | ONE ds 
då gik dk 
where ok and —— are the variational derivatives with respect to g(x) and hF (7). 
(old 
Since 
OR = ——% NI 
å gik = (0 V =4 Gir = Six (2.29) 
(2.28) becomes, by means of (2.19), 
ir i er. På Sj åg fa. 
2 | Cir hr ok dc= JEg Ok dæ: (2.30) 


. & Odhk 
PK SÅ 


INTS10 rkdl 


Hence, 
1 ég 
Gå =3-— 
O hk 
or 
EGE RYE" IE DV É 
SE SN re Ea CA RV 21) 
"… åhk Oh! 


DYEC2T): 


Now, the field equations (2.31) imply the covariant divergence relation 
1 É 
Ti .x= ang (/- TVS ud AR 0 (2232) 


viehkmaykbehyrittensk by means or (SL) Kandt (AMIN 


Dr åg 


(y= =9T)),4= WET, VT ig = sg ht hm En SETE. 
5 hm å Ohm 


2% 


By introduction of the explicit expression for the variational derivatives we get 


2 iSALen og 
TER = 


ok ob 
m m 
h ER gg (2.33) 


ku se 


a a og 
FAE Es BIDE | 
9 hm Ohm ,, ORM $/,x 


Since the first two terms in the brackets in the last member of this equation combine 
into Q,, (2.33) can be written 


Tr 0 (Ba) 
with se 
VED (TET): (2.35) 
RE Re. 1 KU a i, 
gt" | he Ol 8). (2.36) 
TOD 


The equation (2.34), which is equivalent to (2.32), shows that the complex T,” defined 
by (2.35-36) satisfies the condition 2. 

The relations (2.34-36) could also have been obtained by application of the 
method of infinitesimal transformations (see for instance (3 and Appendix Å) to 
the true scalar density 2/2x. By the same method one finds moreover that the com- 
plex Ty is derivable from a superpotential U,7. 
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Re: Ha  UKaå ; (2.37) 
with Å 
Fi 0£… « : 
iz Ef FBE hb = ide (2.38) 
oh 2 


As shown in Appendix 4, the explicit expressions (2.36) and (2.38) for æf and WY 
with £ given by (2.27) are 


33% Fr e-:  x Cc: 
en! ah Ey 2 he ga RY Rk 4R hs TT mæ] (2.39) 
> 8 az 8) 
u= SERAS næ æ =i te SAR — (Fh — ol FE he, å (2.40) 
Note that 
Lej 
ht mv HR (2.41) 


on account of 2.19 and the identity g".,=0. 

In contrast to ihe superpotential h;" of the Einstein expression 05, U,% is seen 
to be a true tensor densitv of rank 3, antisymmetric in the indices k and /. This means 
that Ul,” is transformed as an antisymmetric tensor density of rank 2 under the group 
of purely spatial transformations (2.3), and consequently TY = UX , will be trans- 
formed as a vecitor density under this group of transformations. Thus the complex 
TÆ also satisfies the condition 4. 

Now, consider an arbitrary static, spherically symmetric system in a system 
of "isotropic” coordinates. Here the metric tensor is of the form 


= É or 
i" 9) 2%> ile en | 
Dix = 9) Pax 9 gii) | (2.42) 


va(7), a(7), a(r),—b(r)). 


where a(7) and b(r) are functions of r=)V/ (xx (7) + (2) only. In that case a 
possible and in fact very natural choice of tetrads is 


FÉ si x ii) dei £ 
= des  h; = gg h= TS <= g | 105 
a VI ges! a E: E VI gaa | al Daa! Paj | 
yes ng MERØSGE (2.43) 
h Vig ke kh, =)| 193195 
I Gaa 


This choice is easily seen to be in accordance with (2.19) and (2.42). In Appendix B 
the superpotentials LY and kh” defined by 2.40 and 2.6 are calculated for the 
tetrads (2.43) and the metrie (2.42), and are found to be equal. In fact we obtain 
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£: - ab d a)/b 
ep Vab d |, aVb) sk st pk 
ar RTE Uren KAUEDES GEN (2.44) 
with 
Rs d 3 
eee (2.45) 


Now, for any closed system the metric is given asymptotically, i. e. for 17>%, 
by (2.42) with 
OT) Fa (TY SU], (2.46) 


where the constant & is connected with the total gravitational mass My of the system by 


xc? 


EVE GE EN 3 
x. k Mo |c E lg (SET) 


(k is the Newtonian gravitational constant). Therefore the complex T,” = DE sy 

satisfy condition 3 in the same way as EINstein's expression Ø,”. In this connection 

it is essential that 4,” is a homogeneous quadratic function of the hf ,,, which are of 
a , 


1 
the order o(5) for r7>æ. Thus the relations (2.8) are valid also for 4,” and T,: 


te —0|2). Te — 0 (2) (2.48) 
for r7>wo. 

Ås we have seen above, the superpotentials 4,” and hh,” are identical in the 
static, spherically symmetric case if we use isotropic coordinates. Since h,” is an 
affine tensor density, this identity will remain true in any system of coordinates ob- 
tained from the isotropic system by a linear transformation. In all such systems we 
therefore have 


TEN ER EO (2.49) 


However, the identity (2.49) does not hold in more general systems of coordinates, 
since U,” is a true tensor density while h,” is not. In particular, T," is a scalar density 
under the group of purely spatial transformations (2.3), while Q,7 changes in an un- 
physical way under these transformations. This means that the quantity (2.4) may 
be interpreted consistently as the energy content of the finite volume V of 3-space. 
In this respect the complex T,”, which satisfies all the conditions 1.—4., is superior 
to the original expression of EINstTE1IN, which gives the correct” energy distribution 
only for the restricted class of coordinate systems in which (2.49) holds. In parti- 
cular, Q,” + Ty” in the system of "harmonic” coordinates so strongly advocated by 
V. FockW), since this system is obtained from the isotropic system by a transformation 
offthertyper (23): 

Although the complex T,”, defined by (2.37—40) together with (2.43), seems to 
furnish a satisfactory description of a spherically symmetric system, the problem 
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of the energy distribution cannot yet be regarded as solved. In fact, as emphasized 

in the last section of W, we would get another complex satisfying the conditions 1.—4. 

by using a tetrad field 2' obtained from the tetrads h' in (2.43) by rotations of the 
« Så a 5 

type (2.22) with arbitrary functions Q(x), which Bys sufficiently RRS to constant 

values for r >>, but are otherwise br For, as emphasized earlier, & and hence 


TF are not invariant under such general rotations of the tetrads, but only under ro- 
z 
tations with constant coefficients Q. In order to obtain a unique expression for the 


energy-momentum complex we Erinndy need a set of conditions that fix the rela- 
tive orientation of the tetrads in different space-time points, and we may expect that 
these yet unknown conditions are satisfied by the tetrads (2.43) in the special case 
of a spherically symmetric system, and that these tetrads should be uniquely deter- 
mined by the supplementary conditions. 


- On the Conditions Defining the Relative Orientation of the Tetrads 


The considerations of the previous section lead to-the idea that not all tetrads 
satisfving (2.19) can be used in the expression for the energy-momentum complex, 
but only a certain class of tetrads with a fixed relative orientation. This means that 
the ”correct” tetrads h'(x) must satisfv supplementary equations which, together 

a 
with the field equations (2.31), determine the ht(a) uniquely apart from an overall 


b 


rotation (2.23) with constant coefficients 2. These supplementary equations must be 
a 


generally covariant under space-time transformations and invariant under constant 
rotations of the tetrads, and, since the general solution h(x) of (2.19) for given g,;x4(7) 
a 


contains six arbitrary functions, they must be of the form 


Pix = 0, (3.1) 


where 9% 1s an antisymmetrical tensor of rank 2 depending on the tetrad fields 2'(æ) 
a 


and ther derivatives in such a way that the index a occurs as a dummy index only. 
(The alternative possibility that the supplementary equations are six scalar equations 
or two scalar and one vector equation is ruled out since it is impossible to construct 
a sufficient number of quantities of that type from the h' and their derivatives.) The 
a 
simplest assumption is now that 9; is a local quantity, which means that the six 
eguafions (3.1) are differential equations. Therefore, the relative orientation of the 
tetrads H' can be fixed by the equations (3.1) only if these are supplemented by suit- 


able initial or boundary conditions. 


le ge 


Nz:10 15 


Let us first settle the question of boundary conditions. In the present paper we 
shall not be interested in cosmological problems, i. e. we shall consider large but 
limited parts of the universe, where, for large spatial distances from the matter, 
space-time may be regarded as flat. Now, consider first the trivial case of no matter 
at all. Here Tf =— 0 everywhere, and also the Riemann curvature tensor will be zero 
in all the points of space-time under consideration. In this case we may further as- 
sume that 6,” in (2.35—36) and (2.39) has to be zero everywhere, which means that 
the vector fields hf must be stationary, i. e. 


sp =D (682) 
a 
in all points. In a pseudo-Cartesian system of coordinates, where the metric is given by 


Gik = Mik» (3.3) 


the components of the tetrads are then constant, and we may choose 


hf 0. (3.4) 
Let us now consider an arbitrary "insular” system, where the matter is limited 
to a finite part of space. This means that TF is zero outside a certain "world tube” 
with a finite spatial cross section. Here we may assume that space-time is asympto- 
tically flat for large values of the spatial distance r. This does not necessarily mean 
that the system is closed, i. e. that the metric is given asymptotically by the Schwarz- 
schild solution. It may very well emit "gravitational waves”. But we exclude the 
emission of electromagnetic waves since it would make the world tube of matter 
extend to "spatial infinity”. 
Ås space-time is asymptotically flat, it is possible (but by no means necessary) 
to introduce asymptotically pseudo-Cartesian coordinates in which (3.3) holds for 
r>—o. The first boundary condition for the h' (æ) then reads 


Å. hH(7)>d, for r—>w. (3.5) 
a 


Further we shall require that 
B. H(x)—dåf, shows the same asymptotic behaviour as the metric quantities 94,—,4% 
a 


for an insular system. This means that, if p(æ) is any of these quantities, p must satisfy 
the condition of outward radiation??% 


(ry) 1 d (ry) | ke (3.6) 


lim - 
dr SERER La MANN 


for r>w and for all values of tg = t+r/c in an arbitrary fixed interval. Moreover, p(x) 
and its first-order derivatives y,; must be everywhere bounded and must go to zerø af 
leaskkas el 7 Hforkr cor 
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We now return to the question of the form of the differential equations (3.1), 
and we shall assume that p;x does not contain derivatives of the h'(x) of orders higher 
than the second. i 


Among the tensors that can be constructed from the h”s and their first-order 
a 


derivatives there is one with a simple geometrical meaning, viz. 


a 
Vixt = PG hy. SEE RIS CT) 


a 


Its components along the directions of the tetrad are the "Ricci rotation coefficients” 


SEE hf h' — hk;2 hæng (3.8) 


abe bac a bre 


Obviously y is transformed as a tensor under constant rotations of the tetrad. There- 
abe 


fore it is called a local tetrad tensor. From the expression (3.8) it follows that 


Dh& 
EDER S 
y TETEGE (GRO) 
c 


abe 


De ; ØRN: ; 
where ——— is the covariant derivative with respect to the invariant measure | s| along 
d|s c 

Cc 


a curve that has the unit vector hf” as a tangent. 
c 


By contraction of (3.7) we arrive at the vector 


s a ad. 
DP, =Yn > "vei FH hk,4. (3.10) 
From (3.7) and (3.10) we at once obtain, by (2.15), 
hy. ; == h YGkl> VR r == DR (SSL) 
a a a a 


Insertion of these expressions into (2.27), (2.38—39) gives by means of (2.19), (2.21) 


2 == |R| [ye y" —P, 0] (192) 
me |h]| yet SKØD! 4 SUDE] 
i SR BESCE in OS ES | (3.13 
X 
41 km 4! — ØD! Af + /! ØDE 1 bkg 
i X 7 1— mi li" li Va Ma) VG (SMÅ) 


Here we have introduced the notation 


AE ENN 
HERRE, (8115) 
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This quantity is not a tensor. Therefore, while & and U/” are true tensor densities, 
be is not a tensor. Nevertheless, as we have seen in section 2, DR which determines 
the energy density and the energy current of the gravitational field, is transformed 
as a vector under the group of purely spatial transformations (2.3). This follows at 
once from the fact that T,” as well as the matter tensor density /-gT; satisfy the con- 
dition 4. on p. 6. 

From %;; and ØF we can construct two independent antisymmetric tensors of 
rank 2 containing only first-order derivatives, viz. 


Cox = Viær P' (3.16) 


Tek = D' (Vur— Vixi) - (3.17) 


They are both homogeneous quadratic functions of the first-ørder derivatives of the 
tetrad functions. 

Similarly, we can form two independent antisymmetrial tensors of rank 2 con- 
taining also second-order derivatives, viz. 


SE Vik ;1 VærP' (3.18) 
Ve = PP, =D. (3.19) 


The second one is the curl of the vector Ø,, and &,, in (3.18) has the following simple 
geometrical meaning. The tetrad components of this tensør are the six invariants 


EDER (Lyn D] (3.20) 
ab a b ØD J 
which are easily seen to be equal to the "local divergence” of the tetrad tensor , re 
ab 
dy 
== SELSER (summation over c!) (S:2F) 
ab d | 3 | 


where |s| is again the measure along a curve that has Hf as a tangent. In fact, we have 
c c 


from the definition of ” Tse: 
ab 


c 
v= h' heh Vikl (SØD) 


and byrmeans of 1(2:19YM(3.10-11), 


F c c i Cc c 
ERE EEN (Ro Hr, HÆR h.,) 
AS REE (her 70) c ce a b a b a b 

c 

Uke Mer 
=h h (Vi ;1 Var P) = E 
ab 

on account of (3.20). 
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Now, the most general tensor of the type of ø;x has the form of a linear combi- 
nation of the tensors (3.16-19), i. e. 


Pix = % Er + B Ng tYL Gk Ft Tx (3.23) 


with arbitrary constants &, $, y, &. In the supplementary equations (3.1) only the 
ratios between these constants are of importance. In order to fix these ratios we ob- 
viously have to use criteria other than mere covariance. The first criterion one would 
think of is that the tetrads (2.43) in the spherically symmetric case should satisfy 
(3,1). However, as shown in Appendix B, all four quantities (3.16-19) are separately 
zero with h! given by (2.43) so that this requirement is no help in removing the arbi- 
8 
trariness involved in (3.1), (3.23). A more useful criterion is that the differential 
equations (3.1), together with the boundary conditions AX, B, should uniquely deter- 
mine the relative orientation of the tetrads. This question will be treated in the following 


section, 


di. Investigation of the Supplementary Conditions in the Case 
of Weak Fields 


The question of the uniqueness of the solutions of (2.31), (3.1) and Å, B in 
general requires an investigation of the properties of non-linear diiferential equations, 
which are difficult to handle mathematicallv. For this reason we shall here consider 
only the case of weak gravitatienal fields, where the equations involved become linear. 

By definition the gravitational field of an insular system is called weak if it is 
possible to introduce a system of coordinates (x”) im which the metric is of the form 


Gir > ix "Ya (7). (4.1) 


where the quantities y%(æx) = Y%4(x) are small functions of the first order satisfying 
the boundary condition B. Then 
Te ER i er Fa (4.2) 
where 

y" = &iy Ex) Yjx (4.3) 


with the numbers £, given by (2.13). We shall also use the definitions 


fø 


Yi > Syd YU > Vi- (4.4) 
In this case, the equations (2.19) allow us to choose (in an infinite number of 


ways) tetrads å, of the form 
ga - 


fa = Nag u(T)» (4.5) 


2 


where the quantities &,(x) are small functions of the first order, satisfying the boun- 
= 3 


dary condition B. Then, 


Nr:10 Lg) 
a Fa a a 
Åg= Og + 4 (XT), 4 = Eay lt (4.6) 
a 
and (2.19) gives to the first order, by (4.1), 


a 
(Hai + 14) (OX + Hr) = Mix + kir als kld = Mig t Yik> 
a 


re, 
Vik > Pr PU: (4.7) 
Further we have by (4.2-5) GES 
eg ET SU) OK EO UN (4.8) 
a a a 
with g 
nt ur, = Ey MG. (4.9) 
a a a 
(It is a general rule that for first-order quantities, like », the tetrad indices a, b,... 
a 
and the tensor indices i, k,... are raised and lowered by means of the same num- 
Berste rs NE and ester NEL): 
Hence, by (4.3-4) and (4.7), 
per, yk= pk + fy (4.10) 
and by (4.8), i 
; £ i ad. i 
DEERE EY EN (4.11) 


ad 
Now, the ”right” tetrads Hf, satisfying the supplementary equations (3.1) and 
a 


the boundary conditions Å, B, must in this case be obtainable from the BE by an 
infinitesimal rotation i 


b 
kh, >= 2(7) 4; (4.12) 
a a b 
LDR Br, b 
Q—= Øg +W (7) (4.13) 
a a 
where the small first-order scalar functions 
O(æ)YTER w? (7) = —w(x) (4.14) 
ab a ba 


are antisymmetric in a and b and satisfy the boundary condition B. The symmetry 

property (4.14) is a consequence of the orthogonality relations (2.24) and clearly 

displays the fact that there are just six arbitrary functions w(æx) involved, which have 
ab 


to be determined by means of the supplementary equations. 
Now we have from (4.5), (4.12-14) 


h,= (62407) (Nyt 4) = Nat VT 4 (4.15) 
a b 


a al a 
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Further, by means of (4.7), we obtain up to the first order for the Christoffel symbols 


&E; 
IE 3 | (et eet + Vare Yir,1]- (4.16) 
(2 
Thus, by (3.7) and (4.15-16), to the same order, 


a 1 
Via RR hy 7 hk, Ti = (04 fx), GI Kc 0), 2 Va, e— Vi,d | 
a i i ik i ARNE E RENSE 
or 


i 
Val DT 2 ERE RG (57) 
where we have put 


1 Å 
ik 7 OVS (Hk 4) " "Yri" (4.18) 
ik i kk 


Obviously %;x, like w& and 4%, has to satisfy the boundary condition B. 
ik i 
For the vector Ø, we get by (4.17) 


g & 1 
DP, =V" ng = 8 Viri =V k,å [859 (5 Use): (4.19) 


Since %;x; and Ø, are small of the first order, the tensors 4 and Tt;x defined by (3.16-17) 
are small of the second order, and they have to be consistently neglected in the ex- 
pression (3.23) for ø;z,. In the same approximation the tensors &,, and 7; in (3.18-19) 
become 


Er ! 1 
Sk 7 Vik 1 = II Vax 5 (Rs == Ui,x) i (4.20) 
g 1 1 sig 1 
Mik > Ok, VA, kt Pa (Gk, 47 Yi, ke) 1 (4:21) 
and 
Pix > Eik + P Nix. (499) 
Here, 
92 
O = &; jrie (4.23) 


is the usual special-relativity expression for d'Alembert's operator. 
The expressions (4.20-22) are further simplified if we use a system of harmonic 
coordinates in which the de Donder condition is satisfied: 


RE i 
(ff —5 0 |x 46,275 4.1=0. BASED 


Neo 2 


In harmonic coordinates we have simply 
El 5 gb —vl (4.25) 
ik ik» Mik k,1,4 f,l,k> . 


and, the supplementary equations (3.1) take the form 


Pik = XC Vx + CARE En rr JE (4.26) 


These equations, together with the boundary condition B, should determine v,, and 
w uniquely. 

Therefore we see at once that & in (4.26) cannot be chosen equal to zero; for 
the equation 


Mik = VE SK ØE =(l CE2 1) 


would be satisfied by any %x for which 
rer, 5r=0, (4.28) 


and (4.28) holds for any v'" of the form 


E 5 Ofkm (Pm,17— Pr, m)> (4.29) 
where 0" is the Levy-Civita symbol and the 9,(æ) are arbitrary functions of the 
coordinates. Thus, the equations (4.27) are not suitable for the fixation of the relative 
orientation of the tetrads. It is essential to have a non-vanishing admixture of &,% 
in the expression for 94. On the other hand, if «& + 0, we have from (4.26), since 
Vik iS antisymmetrical in i and Kk, 


pe rn = (& +) [ma ren =0. (4.30) 
Now, it is easily seen that, if all the functions »” 


also the functions »'” 


satisfy the boundary condition B, 
tk Will satisfy that condition. Therefore, if we assume 


(DE ea ea (4.31) 
it follows from (4.30) that the Dr are solutions of the wave equation 
FN, (4.32) 


satisfying the boundary condition B. However, as emphasized by V. Fock!"9), the 
only solution of this kind is 
En =2(0). (4.33) 


If we use (4.33) in (4.26), we see that also »,, is a solution of the wave equation (4.32) 
satisfying the boundary condition B. Therefore, we also find 


nr =0 (4.34) 
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or, by (4.18), 


Bo 5 (Hr 14). (4:85) 
ik i k 

The result of this investigation is that, for weak fields at least, the relative ori- 
entation of the tetrads is uniquely determined by (3.1) and the boundary conditions 
A, B, provided that the constants in (3.23) are chosen in accordance with (4.31). 
The unique solution (4.35) was seen to be independent of the particular values of 
the constants; for reasons of simplicity we shall therefore choose 


BENE Us UV (4.36) 
so that (3.1) is reduced to 


However, we shall keep in mind that a more complicated expression for p;x is pos- 
sible if the later development should make it necessary to use it. 

From (4.15), (4.35) and (4.7) we now get for the components of the right te- 
trads in harmonic coordinates 


il 1 
æ ai | 9 (Ha | [;) z Nast oa Yai> (4.38) 
i a 


a 


aa, ed ; | il OT oe 
Inge GET ig (rf — yt) (8245 " ræ > UE (4.39) 


Thus, in harmonic coordinates and for weak fields the tetrads h, are simple functions 
da 


of the metric tensor g,x. In other systems of coordinates obtained from the harmonic 
system by an infinitesimal transformation the connection between h, and g;x is gener- 
a 


ally not so simple. As shown in Appendix C, we have in general, instead of (4.38), 


i 
ig Mai | 9 (Yar t Syg ERE) (4.40) 


where 


1 (la ER j i ! 

É Vit (2) —5 8 (æ)] da” de da dy | 
sr ØR Å p ER (4.41) 
R = Vær ==")? | 


STEELE) ET) 


and the &'(æx) are the transformation functions which connect the coordinates (æ') 
with the harmonic coordinates (%1,,m.) by the relation 


RENEE CD (249) 
Thus, for weak fields, the harmonic coordinates are distinguished by the fact that h, 
a 


in these coordinates are symmetrical in a and i. In other systems of coordinates, h, 
a 
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will in general also have an antisymmetrical part which has the form of a curl of 
a vector and which in general is a non-local function (a functional) of the metric 
tensor. However, in principle all systems of coordinates are equally allowed. 

In harmonic coordinates and for weak fields the field equations (2.7) are re- 
duced in the first-order approximation to 


o(ur—5 0 rart. (4.43) 


no| mm 


The solution of this equation satisfying the boundary condition B is given by the 
usual retarded integral 


SØN ' 1 , 
TE) EN TEE (2) 2 TY 
SETE 2 


/ 


AE re GA RER 
OLE i: eg 


(4.44) 


In the trivial case of a completely empty space we obviously have, by (4.44) and 
(4.38) 
bg =D, ME (4.45) 
a 


which in arbitrary coordinates reads 
HD (4.46) 
( 
Thus, the equations (3.2) and hence 
15 V-95 0 (4.47) 


are consequences of the supplementary equations (4.37) and the boundary conditions 
AÅ, B in the case of a completely empty space. 

If there is matter present, we have in harmonic coordinates, according to (4.17-19) 
(4.24) and (4.34), 


1 1 , 
Viet 7 5 (Yxt,17 Yu, x)> DE ar ore (4.48) 


Thus, to the first order, the superpotential (3.13) becomes 


elg ARR] 1 
EN Eee la EL NERE AN (4.49) 

with 
ASE KANN eo PA SEE (4.50) 


In Appendic C the superpotential h,” is calculated to the same order of approximation 
in harmonic coordinates, and it is found that also h,” is given by the expression (4.49). 
Thus, in this approximation the energy-momentum complex T,” is identical with 
Einstein's expression Ø,”. In fact both of them are equal to the matter tensor, for 


we have, on account of (4.24), 
A+ 
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yi ry 0y-sy, 


(4.51) 


This result is in accordance with (2.35) since bs in (2.36), as well as the corresponding 
quantity %” in Einstein's expression, is small of the second order. The identity of 
hh and U,” in harmonic coordinates generally holds only in the weak-field approxi- 
mation. In the case of a spherically symmetric system we found, for instance, in 
section 2, eq. (2.44), that h,” is exactly equal to U,” in a system of isotropic coordi- 
nates, which is identical with the harmonic system only in the weak-field approxi- 
mation. 

A direct calculation of the ""gravitational” complexes +,” and 2,” given by (2.36) 
and (2.5) in harmonic coordinates also shows that they are different in general. Since 
t;" and 9,” are homogeneous quadratic functions of the first-order derivatives of the 
field variables, we obtain consistent second-order expressions for these quantities 
by using the first-order equations (4.38) and (4.1), (4.24). From (3.15) and (4.38) 
we get to the first order 

Ar = net Ur T= ed Å 4,52) 
| 9 Yak,l ” 9 Yk,1 ( 


, 


and thus, from (3.14), (3.12), (4.48), to the second order, 


LS | URSESGERNES 1 ; ig BE & 
ile 5) GE mur") Im st 7 U 14,1] — dg 2 | (4.58) 
with 
te mg AHS gt De (4.54) 
4 Yrs,t bv Te: 
k 


The corresponding expression (C.23) for å,", calculated in Appendic C, is seen to dif- 
fer from +,” as given by (4.53) the difference being given by (C.28—29). If we have 
consistent asymptotic expressions for the metric tensor in harmonic coordinates for 
an insular system of matter in vibrational motion, we can calculate the loss of energy 


dE 


-— — per unit time by means of the formula 


dt 

se ci" do, (4.55) 
oa 

where 14” is given by (4.53) and 


d 0% = 5%34 (dx dæ!' — dal åæ7) (4.56) 
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represents a surface element of a large sphere oc enclosing the system. The difficulty 
is only to obtain consistent asymptotic expressions for the metric tensor of a system 
of vibrating matter. In particular it is clear that the energy loss is given correctly by 
the simple expressions (4.53—56) only if the metric tensor used satisfies the field 
equations (2.7) up to at least the second-order terms. This again means that we have 
to take into account the influence of the first-order field on the motion of the vibrating 
matter. 

The result of the investigations of this section is that the relative orientation 
of the tetrads is uniquely determined by the supplementary equations (4.37) together 
with the boundary conditions Å and B. It is true that this has been shown only in 
the weak-field approximation, where the differential equations (4.37) become linear. 
However, it is a common experience that non-linear equations are more restrictive 
than the first-order linear approximative equations, so that the uniqueness of the 
solution may be assumed to hold also for the exact equations (4.37). One might 
rather fear that the exact equations have no regular solutions at all, but we have 
at least one case for which we know the exact solution, viz., the spherically symmetric 
case. In isotropic coordinates the tetrads h' are here given by (2.43). Ås shown in 


å ; 1 ; g É 
Appendix B, these functions h" <= ——— 6, satisfy the equations (4.37) exactly, 
and, since asymptotically + Ylgaal 


Fa gENLT ør; 1 cer 15 ofre UD 


the functions h” also satisfy the boundary conditions A, B. 
a 


It is therefore reasonable to assume that, for any insular system, the supple- 
mentary conditions (4.37) together with the boundary conditions A, B will furnish 
a unique determination of the relative orientation of the tetrads, which was left open 
by the field equations (2.31). Then also the expression for the energy-momentum 
complex is unique, and the problem of the energy distribution in gravitational fields 
can be regarded as solved. 


5. Absolute Parallelism 


In the usual formulation of the general theory of relativity the space-time con- 
tinuum is a Riemannian space with a metric determined by the distribution of matter 
through EINSTEIN's field equations, and the gravitational field is described by the 
metric tensor g,4(x). In a space of this type the parallel displacement of a vector A' 
along a given curve is determined by the definition of LEviI-CI1vIra 


d,A' = Fi Ade, (5.1) 


where IØ, is the Christoffel symbol. Ås is well known, the result of a parallel dis- 
placement along a curve connecting two distant points in space will in general de- 
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pend on the form of the connecting curve. Consequently, it has no unambiguous 
meaning to speak of parallelism of two vectors in distant points in such a space. 

In the formulation of the theory given in the preceding sections the situation 
is quite different in this respect. Here, the basic variables are the tetrad field variables 
h'(a), which define the metric by (2.19). Now, as usual, the metric is determined by 
a 


Einstein's field equations (2.7) or (2.31) which, however, determine the tetrads 
only up to an arbitrary independent rotation of the tetrads in the different space-time 
points. Therefore, the equations (2.31) had to be supplemented by a set of conditions, 
which we have taken to be the equations (4.37) together with the boundary con- 
ditions A, B of section 3. They determine the relative orientation of the tetrads, which 
means that the tetrad-lattice is uniquely determined apart from an arbitrary constant 
rotation of the tetrads in the lattice. In this formulation, the space-time continuum 
is not an ordinary Riemannian space, but rather a space of the type first investigated 
by WEITZENBOCKØ), which has a metric of the Riemannian type, but in which the 
notion of direction has a meaning for the space as a whole. In fact, in a space with 
an underlying tetrad field, two vectors at distant points may be called parallel if they 
have identical components with respect to the local tetrads at the points considered. 
Now, the tetrad components of a vector A' are the invariants 


a a k 
A(æ) =hz(æT)A(æ): (GP) 
Therefore, parallel displacement in this absolute sense is defined by 


d,, A=hyd, AF, J AF dar 0 (5.3) 
or by 


dap. At = hy ;A da = 44 Al da! 5.4) 
ap.” BE SEES lse BL ANE> (5. 


where 4%, is given by (3.15). It is seen that the Christoffel symbols I, and the sym- 
bol 41, play similar parts with respect to the two different kinds of parallel displace- 
ment defined by (5.1) and (5.4), respectively. Along with the usual covariant deri- 
vative (of the first kind) of a vector field (denoted by a semicolon) we can therefore 
here define a covariant derivative of the second kind by 


At ir == Are SE ATA 
Å ilx == SEE EN 


2 


| (5.5) 


with obvious generalizations for tensors of higher rank. The usual rules about co- 
variant derivatives also hold for the derivatives of the second kind, in particular 
the rule concerning differentiation of a product of two tensors and the relation 


Jr jr =0.- (5.6) 
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This identity follows by (2.19) from the equations 
a a 


which are immediate consequences of the definitions (5.3-4) or of (5.5), (3.15). 
From the definition of the covariant derivative of the first kind, viz., 


Mer er IDE 772 (5.8) 
a a a 


we obtain by multiplication by h and summation over aXOnfaceount ok (PELSE STD 
and "(3:15), 
Mer = TV: (5.9) 


This gives the connection between the two kinds of covariant derivatives. For a vector 
field we get 

Air = Ak AV ry | (5.10) 
Ås le = Åg;k År VE, | 


with obvious generalizations for tensors of higher order. 

By means of these relations it is easily seen that the antisymmetric tensor É,% 
entering in the supplementary equations (4.37) is equal to the divergence of the 
second kind of the tensor %;z4, i. €e., 


br = Vik ll (all) 


(see (D.3) in Appendix D). Further, the tensors occurring on the left-hand side of 
Einstein's field equations may be written 


By = DE ED EKO LOSE ar | (5.12) 
R = Ri= —20",+D,D' +yrgy | i 
which, on account of the symmetry of the contracted curvature tensor, leads to the 
identity 
VE Br re (DETS) 


Similarly, the curvature tensor Ry, may be expressed in terms of the tensor %;%; 
and its covariant derivatives of the second kind (see (D.6—8) in Appendix D). 

In a space of the Weitzenbåck type the most important geometrical notion is 
the "torsion”. Consider an arbitrary closed curve; divide it into an infinite number 
of infinitesimal line elements. Each of these line elements is an infinitesimal vector. 
Perform an absolute parallel displacement of all these vectørs tø a given point P 
on the curve. The sum of all these vectors will then be a vector, the torsion vector 
f'(P), which in general is different from zero. In particular, let the closed curve be 
an infinitesimal "”parallelogram” with corners at the points 
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P3:(æ, + dæ') P2: (a+ dæ' + da") 
Pla); P:(æ' + de); 
Ps: (x' + dæ' + da"); Pg: (a+ dæ') 
Ps (æ) P1:(x' + dæ') 
By means of (5.4) we now perform a parallel displacement of the vectors P, P, : (da), 


P5P,:(— dx") and P;P:(— dx") to the point P and get for the infinitesimal torsion vector 
dt! in P corresponding to the curve, neglecting terms of the second order in dæ' and dæ', 


&g å : MEK a 1 É 2 g 
dk =A (da da — dx dr) =—2 h' MORE TOR gl do" = 3 VV) do! 
or : Ass : 
dt nen Vi do, (5.14) 
where i 
do" = dæ" dx — dx! åæ” (5.15) 


is the tensor representing the area of the parallelogram. 
If the torsion is zero for any closed curve, we must have 


va =0 (5.16) 
everywhere. Then, also Rim = 0 and by (3.11) 
hg =0, (5,17) 
a 


Thus, in this case, space-time is flat and the tetrad field forms a pseudo-Cartesian 
lattice. This corresponds to a completely empty space. On the other hand, in the empty 
space surrounding an insular matter system, R,, is equal to zero, but the torsion, i.e., 
NAS h;.x, and TF will in general be different from zero. 

a 


6. On a Possible Generalization of the Theory 


The considerations of the preceding section show that the present theory has 
some traits, in particular the idea of ""Fernparallelismus”, in common with Einstein's 
attempts at a unified theory of gravitation and electromagnetism of thirty years ago 'd, 
In both theories the sixteen functions h'(æ) are taken as the fundamental field vari- 

a 


ables instead of the ten variables g,,(x). However, in the present paper, the object 
of this step was simply to arrive at a consistent expression for the energy-momentum 
complex, and the surplus degrees of freedom were therefore removed again by the 
six equations (4.37) which were regarded as supplementary field equations. Al- 
though this procedure, which consists in enlarging the number of degrees of freedom 
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of a system and afterwards restricting it again by means of subsidiary conditions, is 
used also in other fields of physics (for instance in quantum electrodynamics), it 
would undoubtedly be more satisfactory if the tetrad field could be thought of as 
describing a larger domain of physics than mere gravitation. Obviously the number 
of the tetrad variables is just sufficient to describe the unified field of gravitation and 
electromagnetism, and the problem arises how to find the field equations of this 
unified field. Since it is desirable to maintain the usual general relativity description 
of gravitational and electromagnetic phenomena, we shall take over the field equa- 
tons (2:31) 


1 
Rix 5 dik R > ES DE (61) 


the left-hand side of which is given for instance by (5.12), while the matter tensor 
on the right-hand side consists of a non-electromagnetic part and of the electro- 
magnetic energy-momentum tensor 


il 
Sig > Før Fy) — 4 Jer Fin FY. (6.2) 
Here, Fi, is the electromagnetic field tensor satisfying Maxwell's equations 


i re , , 
rer na see (52, 


% 


The left-hand sides of these equations satisfy two identities so that only six of the 
eight equations (6.3-4) are really independent. This is just sufficient to determine 
the six functions F,,(æx) for given initial or boundary conditions. 

Now, since the quantity &,, on the left-hand side of (4.37) is an antisymmetrical 
tensor, the assumption suggests itself that the electromagnetic field tensor is propor- 
tional to £,,. From this point of view, the supplementary equations (4.37) of sections 
2-5 are then not field equations, but express a definite physical situation, viz., the 
case with no electromagnetic fields present. In general they would have to be re- 
placed by the equations 

Fx (T) = Ex (7), (6.5) 


where & is a universal constant of the dimensions of an electric charge. This is most 

easily seen in a system of coordinates in which the (ax) have the dimensions of a 

length I, for then g;x and hf are dimensionless quantities, and by (3.7) and (3.18) 
a 


the quantities in (6.5) have the dimensions 


Fi, —charge/P, 8,>—1/P. (6.6) 
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The insertion of (6.5) into (6.3-4) and (6.1-2) gives a set of sixteen equations 
which, together with suitable boundary conditions, may be supposed to determine 
the tetrad field uniquely (apart from a constant rotation of the tetrads that has no 
physical meaning). As usual, the four Bianchi identities, which are satisfied by the 
left-hand side of (6.1), take care of the arbitrariness in the solutions hr (æ) correspond- 


ing to the arbitrariness in the choice of the system of coordinates. 

The field equations (6.1-5) are quite different from the equations discussed by 
EINSTEIN in reference (9, which, incidentally, were shown by EINstTEIN and MAYER (1) 
to be incompatible with the Schwarzschild solution in the static, spherically symmetric 
case. Ås mentioned in the: Introduction, they are essentially identical with a set of 
equations given by T. Levi-Civira ?, which, however, never received proper attention. 
The reason for this was probably that the unification of gravitation and electromagne- 
tism obtained in Levi-Civita's paper appeared to be purely formal. In particular, 
the constant & could be given no immediate physical meaning since no physical ef- 
fects could be mentioned that would depend on the value of &. In this respect, the 
situation seems to be different in the present formulation, since the value of & will 
enter in the expression for the energy-momentum complex T,” and therefore will 
have an influence on the energy distribution. In so far as the latter can be regarded 
as a measurable quantity, & will then also appear as a real physical constant. How- 
ever, further investigations are needed before we can see whether a generalization 
of the formalism of sections 2-5 along the lines indicated in section 6 can be carried 
through in a consistent wav. 

Finally it should be mentioned that, already in 195902, B. LAuRENT introduced 
a superpotential AZ which is a true tensor density. In fact, AV is equal to the first 
term of our expression for UW, i. e., 


AV =1R174. 


It is easily seen that this superpotential leads to a complex satisfying the conditions 
1', 2 and 4 of section 2. However, for a closed system it does not have the asymptotic 
behaviour (2.48), and consequently, like our old expression T, it will not satisfy 


D 


the essential condition 3. 


I want to thank Professor M. MaGNussonN and Dr. C. PELLEGRINI, who took 
part in our discussions at the initial stage of this investigation and have checked 
many of my calculations. My thanks are further due Professor Pour. KRISTENSEN 
for friendly and illuminating discussions, in particular on the question of the 
boundary conditions. 


Note added in proof: 


Since the completion of this paper we have made a more detailed investigation 
into the consistency of the generalization of the theory outlined in the last section. 
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An application of the equations (6.1-5) of section 6 to the simple case of a static, 
spherically distributed electric charge now shows that the connection between the 
electromagnetic field and the tetrad field, contained in the simple relation (6.5) of 
Levi-Civita, is inconsistent with the basic requirement 3. of section 2. The reason for 
this is simply the following. In order that condition 3. be satisfied, the first-order 
derivations of the tetrad functions in isotropic coordinates have to vanish at least 
as 1/7? for r—&. Then, as is easily understood, &,, will vanish as 1/r? at spatial in- 
finity. However, the solution of the static, spherically symmetric case given by Weyl 
and Nordstrom shows that the electric field vector, and hence F,,, vanishes only as 
1/7? for >, which means that the equation (6.5) is incompatible with condition 3. 
On the other hand, a solution of the equation (6.5) leads to a tetrad field with first- 
order derivations vanishing slowlier than 1/7”. As a consequence, the corresponding 
ne will contain a term of order 1/r at spatial infinity, which leads to a diverging 
value for the total energy E = — | T,' da" dø? dø. 

This result does not necessarily mean that we have to abandon the idea of a 
connection between the tetrad field and the electromagnetic field; it only means that 
this connection cannot be given by the simple relation (6.5). If we only require general 
covariance, there are obviously many ways of expressing such a connection. We 
might, for instance, substitute equation (6.5) by the relations 


aeg = Birim FY" (6.6) 
or, "even simpler, by 
EG Eee re (637) 


Neither of these equations would lead to the above mentioned difficulty, since both 
Rum and R vanish, at least as 1/r?, so that the right-hand sides of the equations 
vanish sufficiently rapidly for r7—&. In the case of the latter equation (6.7), the re- 
lation (4.37), adopted in sections 2-5, would even hold everywhere in the empty 
space surrounding the matter, but these equations would hold throughout the whole 
space only in the case when there are no electromagnetic fields present. The equations 
(6.6-7) have the simplicity that the right-hand sides are completely determined by 
Einstein's field equations and Maxwell's equations, and they are invariant under the 
group of Lorentz rotations (2.22-24), but one could also imagine more general con- 
nections between the electromagnetic field and the tetrad field. Perhaps the require- 
ment that all field equations should be derivable from a variational principle may be 
used as a guide in our choice between the various possibilities. 
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Appendix Å 


In order to obtain the expressions for the different curvature tensors in terms 
of the tetrad fields we proceed in the following way. We apply the general commu- 
tation rule for covariant differentiation, i. e., 


hanne hon SF] UR rn (AD) 
holding for any vector field A,, to the vector field h,. After multiplication of the result- 
a 
ing equation by h' we then get, using (2.18), 
i hår , vrd i 
KS rie En (hsm; hr; 1; m) EH he (h SEE mg): (A.2) 
a a a 
Hence, for the contracted curvature tensor 
r i, y fe vi 
Rix IR irk 7 h (hisære Pig ry 8) Er h; (h ;nk OR skyr) (A.3) 


and the curvature scalar 
a a a a a 
ere NR SERENE E HøgeN E firs SJ ARE NE EA 
a a a a a a 
If we multiply this equation by |/— g = |h| we get the equations (2.26-27) in the text, i. e., 
R = &+h (55) 


with 
IR a a 
ge Kid sen ap (A.6) 
a 


er (A.7) 
mes Eg IE e me Ea ES 
V 9 8: =2 (I h | h j, SR 
a 
Here we have used the relation 
5 es a a 
hh = —b'h,,= Hd, (A.8) 


following from (2.19) and the identity gg”. =0. ( 
From the definitions of the covariant derivatives and the Christoffel symbols 
we get, by means of (2.15-19), 


b 


z een b b 
hur” her" D = hr, 1—9 hf | (Ry hu), 2% (hy), x— (hy Ry), 4] 


Sj hu S hr |) -H' [k, (hi, x F hr, i) TE (hu, j —lu, ) 


(A.9) 
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from which the tensor character of h,., is apparent, in spite of the fact that h,., ap- 
a (lt: 


pears as a linear function of the ordinary derivatives of the tetrads. The equation 
(A.9) may also be written 


il i rst D it t> 
KH AED Pi" hy (4.10) 
where P' is a tensor of the form 
Pr dr OR de OL dE (4.11) 
and gær” is the tensor 
gu” = 88168 84, (A.12) 


satisfying the same symmetry relations as the curvature tensor, i. e., 


Jkist — Iks Ju ” Its Ikt Jixst= — Iklts T I stkl | 


(A.13) 
Ur Ogre == UV | 


From (2.18) we get at once by differentiation the following connection between the 
derivatives of the covariant and the contravariant components of the tetrad vectors: 


a 
FRE DAD SÆRT (A.14) 
br a BRED: 
GE bys (2:95 
b ber 
h, hg, Ey —Jruhe h re CA215) 
Thus, (ÅA.10). may be written 
k b 
IEEE ho Pir" hh", (4.16) 
a 


i Kr, 0 Ek p 
Fe uee Nå CARTE) 


which is seen to be a tensor. This means that the indices in this expression may be 
raised and lowered according to the usual tensor rules. Therefore we get from (A.6) 


å da, 
for the derivative of & with respect to h', 


å b b 
2 Ok. OBé. 
ÆLØYN REE SEN RAT: 
a BE REGN b” ad 3 
OF 7 ØER, OR (A.18) 


b b 
|| lær. pe Pr hy (ht, s) ORK TE] iz 
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Now, from (A.11-12), we get 

Page og 0, 9) Og (Or Or 0, OS) Oe (Or 0 EST 50) (A.19) 

Pr jet 2 (df dL — åt dt) (A.20) 


and by introduction into (A.18) we obtain 


b b b b 
Gem mtr [Åtte REN, 2 (19, ) (of år orde) |, 


| (A.21) 
En (hr. em (8,,) (ør — 8; h)| R 


r" 
a 


The method of infinitesimal transformations applied to the variant V = 2/2k with 


the functions "ag as independent variables gives at once (see C. MØLLER, reference 3, 
Eq. (33)) the expressions (2.35-36) for the complex T,”. Similarly, one finds from the 
equations (34)-(38) in the same paper that the superpotential U,” is given by (2.38) 
and that this expression is antisymmetrical in k and l. In these derivations we have 
used that W is a vector, which means that its variation under an infinitesimal co- 
ordinate transformation 

er BE (7) (A.22) 
is given by 


a a 


k a eee a R 
ERE pE EGNE EE NE NE, (A%23)) 
If we now introduce the expression (A.21) for the decivatives of & with respect to 


the first-order derivatives of the tetrads into (2.36) and (2.38), respectively, we are 
immediately led to the equations (2.39-40) in the text. 


Appendix B 
According to (3.7) and (A.10) we have generally the following expression of 


the tensor Y%;x7 in terms of the first-order derivatives of the tetrad functions 
a il a 
Vikr  Tle g ES PEEREEL (B.1) 
Similarly, for the vector P, defined by (3.10), 


Å ik a 
D,, = PAPE F 2 PE ED h (B.2) 


fe 80 R 
a 
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In particular for a static spherically symmetric system in isotropic coordinates, the 
metric and the "right” tetrads are given by (2.42) and (2.43), respectively. Thus 


aa — i N 
BER REER KDE oe 53) 


and Dyk (BD) and CASE R2)) 


Vikt = 2 [9, i okt Ods Og] = Hm (14 Og — Ny 647) (B.4) 
with 
n=rn sr ES SEE (B.5) 
and 
UNE Fa (B.6) 
Hence, 
PE ft (7 Opg — 14) | 
2 gii £ SE (B 27) 
= 3, (Inf Jii I) hk, | 
om by (2:42 ) Fandt (B:5)" 
D, = —[2(In//a)' + (In]1/b)] 1, | (B.8) 
er ma yb) ng (Ina VD) res 


Similarly, we get by (3.15) and (2.43) 


2 ad. Ea) z Me Rs 
ENDER ANFRNGE 
kl ed VI gaa a Ea AI Jaa |), 1 ar (B.9) 
= (InY1 940), 1% = (nm Y/1 gu )' Rn. 


Now we see at once from (B.8), (B.4) that the quantities %;,, É;x, Tx defined by (3.19), 
(SM 6-01) Far er erokinkthekeasekolktbertetradsk(243) Ef orkverh ave 


Me = Pr, 47 Di % = —(Ina VD). Be Elna VD. ER () 


i ; ly; PER) mL 0) 
Con = Va Py == STE (1; 0, — 17 047) (In a vb) jen 
or, since 
EU anet” or age (22 GR (B.11) 


BX 


Sk Nero 
Further, 
(0 "lm (Ål (Vic — Vixi) 
eee GEVED) EDT ! 
ZL —— [9 yege (Py Øg — Ny År) — Gi (Ty Årg — Ty 6;7)] 
gu (B.13) 


= —(Inayb) l- i 


= —(Inay/ by AR E. (rogn 0) 0 


An iilg — NG Og, 1) 


mn. 


Finally, since 6,,=0, we get for the quantity &;, defined by (3.18) 
£ l Sr AE; 
bek => Vikse = É ge) ART Ve RYE (B.14) 


and it is easily seen that this is equal to zero for the tetrads given by (2.43). First, 
we get by (B.4) and (2.42) 


(hver). 1= des 4 så FE OR) | 
Edt (gg TT Tedd] | TB) 
VD TEE (RV) 0 
vi, ( y 1 


since 1, $ =r,1,k is symmetrical in i and k. 
Further, we have by (2.42) 


IT = EE (004 + OR GER ;— Sage Re) 


and thus by (B.4) 
Tt IVEN TE EEN An SKR i 
Var = (In Y/ 1 gu "my +( ny | gul” 1; Yx DER He 
få 


S = (InY 194 "5 (md 1 TMG Og) 1; 


, 


+(InY/Igul)' n, ST 2 (1,- Ty Okt) 


Dit Pr gø 
AdE2 Jii 


E; DEN! ((In VIgul)'?? Ti; ie MER (nn, — 0) 
a Jii 


(BSTO) 
(4 0,4 — 1,054) 


El 


SE rÆ =y a 
= 2 [ln ya) HYDE <a NG ny, + 
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Here we have again used the fact that n, is different from zero only for k = 1,3, 3. 
Since the expression (B.16) is symmetrical in i and k, the last two terms in (B.14) 
cancel, which together with (B.15) shows that also 


5,20 (BE 


for the tetrads (2.43) in the static spherically symmetric case. 
We now get by (B.4) and (B.8) for the superpotential (3.13) in the static spher- 
ically symmetric case 


fil mig 


5 £ mm bl: | Ta (0! k ok nl) (1 VB) ør ol ) 
[== n + (Ina — — bj — 
i RD ED KO DE gm " Gxx) 


(B2T'S) 
Ved (in AV) cat nt=st nit, | 


VI gul 


i. e., equation (2.44) in the text. The same expression is obtained for the superpotential 
hh, of the Einstein expression in isotropic coordinates. In fact, we have by (2.6) and 
(2.42) 


ht — Jin == [(— dg) (gf gm — gin EDER 


DOVE, 


Qii) a 3p i sk a? b ) ål 
2x al: bp" || Øxxy 91 ],1 ” Vgkxy 91], x ” 


i ER (1 NEP) før DE (Ba19) 
END EDER ! É 
z= Vab (in avb mb Y (orn ol ns)! 
x VIgal 
For <= 4 [== we have by (B:18) 
u - Main — ) inkl ED (Ina) 6," m= —U,/". (B.20) 
giil 
Similarly, 
u/4 - Vab FÅ ave (6 mn” Etna MAD N Cr =0, ne] 
x VIgal % 
sø (B.21) 
er0> (65 LAV 
x 
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From these expressions we get, since 


> Å 
GES sæ GE RENEE B222 
HAT Bakr rr or EH. BD en i ( ) 
18 |gese 2 Vab (Ina) 
Ve VE LJ bvab «in Buell dos & ) løg 
g (B. 23) 
ER se [r? ab (Ina)']' (Eg 
xr 
and 
PA ø 2 1 EY 
gees 2 En 
Lyd (ot gg oc a) 
x R r 
mg B.24 
1f SE N ” vab" x x | ( ) 
rav (067 -n;n ler mo 
x D 
rer 


1 Rø ENVER 
Æ SE (7 parere | ) mn 


In the empty space surrounding the spherically distributed matter, the functions 
a(r) and b(r) are 
4 
x (AR) 
= Bra Nee 3 5 SEE ES B?25 
Å (1 + a/4rP BB 


where & is connected with the total gravitational mass My by (2.47): 


2kM xc? 
re == — 


rr 0 (B.26) 
Hence, 
== GAV ne 
my REDET Sk LS ROSE 
Vab GE) ,…— Vab TD 
4 ; Å (B:27) 
(In a)' X ) = &/r 
1+x/4r| 47? 1+&/4r 
and, by (B.23-24), 
; 2 
16 E- | 2) an TEE ss 6 
i xr? Ge ART: 6; 4 ar? & FE3) 
1 ie DES 3 men me UD vige B.29) 
u Awr! VD nl rør Ty; DE ( . 
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Obviously the equations (B.28-29) may be comprised in the equation 


x2 
in BE: (ON dd) (B.30) 


which is the expression for the energy-momentum complex in the empty space sur- 
rounding a static spherically symmetric. distribution of matter in an isotropic system 
of coordinates. While T,” = Q,” in isotropic coordinates, this identity does not hold in 
the harmonic system of coordinates x'” obtained by the transformation 


(då 2 le 
at mat (147), le re (BSD) 


For harmonic coordinates the line element is 


2 
' 1850 Dr ÆRE RER, 12 ; 
ds (145%) (år P 4 re eye Er rg 
i: VE) 2 ag, 10 PE TEE GS. ) pre gi 
| (B.32) 


1 
sek SST Tro 
me | DE 
T VER 


and a simple calculation shows that the tetrads (2.43) in this system have the com- 
ponents 


SR ERE dl nen; 
É SEINE Ar? YA r? (1 +)/1 — a2/4 7?) 


sele SNE (B.33) 
ag VU DEE sn 
W',= V i 
1 
Since the transformation (B.31) is of the type (2.3), the energy density 
BE VÆ ne (B.34) 
2 4 ar"(1+xa/4 r)é 


is invariant under this transformation, while OZlY7 = ir a/Vy is not. However, in 
the limiting case of weak fields, i. e. to the first order in &/r, the isotropic system and 
the harmonic systems of coordinates are seen to coincide, the line element being in 
both systems of the form 


ds (1 + &/r) BIG STE SID) dr (B535) 
F: 


Therefore, in the weak-field approximation, we have T,” = Q;” also in the harmonic 
system of coordinates. 


6% 
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Appendix C 


In an arbitrary system of coordinates of the type (4.1), the equation (4.37) 
reads, according to (4.20), 


1 
Flg = FUE KE TELE (C.1) 


which together with the boundary conditions B leads to the expression 


1 (639 


Vik = SER R ie 1, i (9 TAN E-0) dag. (C.2) 


Instead of (4.38) we then get, by (4.15) and (4.18), for the ”right” tetrads 


1 
h, = Nai To Yai Vai» (C:3) 


where %,4 is given by (C.2), i. e. in general h, is a non-local function of the metric 
a 


quantities y,,. Now, let Ea) be the infinitesimal transformation function connecting 
our system of coordinates æ' with a harmonic system by 


ER E æ" 55 a (T) g (C. ÅD) 


Then we have for the metric tensor 


k dæ! dæk 
ik Rey 2477 ik "harm. "harm. Im l i k k Im Im 
Jnarm. 3 1] 5 UYnarm. Cs Fr; el 5 Fa) r” q ES (6; 5 É , D (& El É 3 ma) (€/ Er y ) 


ik ik, så dk k… im 
SEES UDSEN FRE AM SS ENN] , 
1265 
ik rr SN VER SES BY harm mes d 
Ynarm. TY 7S SEE FU OSR SEE Feng | (5) 
k re FR SRVo Ek et l | p 
ORE IS SÆT» REESE ST my | 


In harmonic coordinates the deDonder condition (4.24) holds, which by (C.5) leads 
to the following differential equations for the functions &'(æ): 


2 1 3 il 

== k 

o= ae >= Vik 59,i er SEE UR 
så ;harm. 

OT 


— £ 1 3 
= DERS Yi (C.6) 
with the retarded solution 


Al 1 (å(æ:—z'!— R) | sefee] BO Be 
KG) DÅ] od DE BE ERR (C.7) 
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&g= hl , ” . il N , . i, , R ÅR 
Since the retarded Green's function iz 0(x—x"—R)is symmetrical in (æ') and (æ”), 
we get by partial integration 


1 (0(æx?—x'"— R ir mye; 
SET ne TOV FRED DEER SEES yes de' = 20%. (C.8) 
Henceebyn (CS) 
1 il j 
h; = Nai ir 2 Yai DD 2 Cæ ER ÆDE (C.9) 


i. e. the equations (4.40-41) in the text. The same expression is of course obtained 
by a simple transformation of the vector h, by means of (C.4) and by using (C.5) 
a 


and the equations (4.38) valid in a harmonic system of coordinates. In fact, we get 


== OTnarm. pharm. dk k il harm. 
i Er BER SLET 3) Nar 5 Yak 


1 il 
S ag PR pile SEE Nat + Ea, 4 Fa (Yar 7 Ea, 17 Fi, a) 


1 
= Nai + 5 (Vai t RE): 


For the superpotential h,” of the Einstein complex Q,” we get to the first order, 
by (2.6), (4.1-2) and the equation 


VE TE 07 fe Y 295 033 5 AE CE) (C.10) 
hes lg OBE TE) ONDE (SU) OU 
- == ro End org EN Ty oe ER AE (C111) 
ke = sg er are 5 oe] Gr KE VS S ve] 


Thus, in a harmonic system of coordinates where the yf satisfy the conditions (4.24), 
we get 


ilt ; 1 HOR 
hg = , VE EO ES Oy (12) 


which is seen to be identical with the expression (4.49) for the superpotential wæ 
Therefore, to the first order, we have Q,” = TF. In fact, as shown in section 4 eq. (4.51), 
they are both equal to the matter tensor as it should be since 4,” in (2.35-36) is small 
of the second order. 
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By the last argument it follows that, to the first order, Q,F must be equal to Ty; 
in any system of coordinates of the type (4.1), in spite of the fact that the equality 
hk! = UW, holds only in a harmonic system of coordinates. In fact, we have in a general 
system of coordinates, by (4.17), 


1 d 
Var > Ya, 1? 9 (Yet, 1 —Vir, w)> (C.13) 


where % is given by (C.2) or (C.8). Hence 


g 1 g S 
EA kald! X 2 ES (HE ED) (C.14) 
and by (3.13) - 
al t,k k,2, sk sg ! ! s& km 
USSR SE ER STREET SEE) (C.15) 
2 pr i (OH 2 er, m F dg 2 nt Sd > | 


Now, in a general system of coordinates, hh,” is given by (C.11), so that by (C.8) 


ø . & 
ki kt ,? Qt sæ rem, ti 21, m sl 7 em, k … tk, m Eg SY —) N 
Ul; a; RG anis SEKS 3 Og (S sm S om) tog S sm 8 m)l ER; : (C.16) 
Nevertheless, we have to the first order 
. KEE: É å i 
RR ' = Sr "3 1 sl, k em, k — Ek, m rE. k n 
== Rk SEE SE SSR USE BORES mt = OG, (C.17) 


as we should according to the above argument. 

However, already in the second order approximation, Q,” is in general different 
from T,X. In section 4 we have calculated the "gravitational'” complex &,f to the second 
order. In harmonic coordinates it is given by (4.53-54). We shall now ecalculate &” 
to the second order. The exact expression for 2," is (see, for instance, reference 13, 
Chapter XI, Eqs. (158), (135), (132)) 


N 1 BiY N FA DD 
ÆL; dg" (SN AT im (W=9 gt"), 7 I ms(/ —9 nd 19 E dg [SI (C.18) 


S=yY-99" (TT -TET GE). (C.19) 
From (4.1-2) and (C.10) we get to the first order 


ir 
SR. br ; 
5 Ur itione 98 
mr 


mm (I 27 7n 2 VEL 7) (C.20) 
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ed hele EL] k 
Tr 59k, 1 VU, ke) = 34, > (C.21) 
SEE 1 kh" 
(NV = rokye SE (1 0) 0 yt) (Bam y= gin] p (€822) 
egt EA) 


Thus we get to the second order in harmonic coordinates, using (C.18-22) and (4.24), 
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Further, 
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Here, the first term is zero on account of (4.24) and, since the first factor in the 
last term is symmetrical in s and t, we finally get 


SST TR] ER 
Buer SUE (24) 


A comparison of (C.23-24) with (4.53-54) shows that %” and t,” in general are different 
already in the terms of second order. For the difference we get by (C.23) and (4.53) 


. 1 1 i Å i 
Byd i: SERIER, +30,s0" 4288 — 8) (C.25) 


and by (C.24) and (4.54) 
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as is seen at once by performing the differentiations in the last expression (C.26) 
and using (4.24). Thus, 2— & has the form of a usual divergence and, as we shall see, 
this is also the case for the two first terms in (C.25). In fact, they may be written 
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where again use has been made of (4.24). Hence 
Laj 


Se fR NR al 1 ge 1 ye 
mt me | 43 ET ØD mt mg mf (C.27) 


The last two terms inside the brackets give a contribution which is antisymmetrical 
in k and I. We shall see now that also the two first terms can be brought into the form 
of a superpotential, for we have 
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Thus, we see that the equation (C.27) for the difference &,” — 4," can be brought into 
the form 


; Br Em RG n (C.28) 
with the superpotential 
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We knew beforehand that this should be possible, since we have exactly 
' ok Rk Qt "SPS kl 
VS TRY ØL -T SSR 


However, it is interesting that the second order part X;” of the superpotential h,” — U,” 
depends (quadratically) on the first order functions y;%, only. 


Appendix D 


The covariant derivative of the second kind of a tensor ASS of rank 3 is, by 
generalization of (5.10), 


ER 2 Atv ET SEE rl 
Å ix im Å ix SE Åre Pim År Y km T Å gx Y rm- (D. 1) 


If we apply this rule to the tensor y4' and make a contraction of the indices / and 
m, we get 
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On account of the symmetry relation y,,/ = —y,, the second and the third term on 
the right-hand side of (D.2) cancel. Therefore, we get by (3.10) and (3.18) 


Vik |2 == Vik: LT Vikl D! = Spø (DE5) 


ise thereqguatont (SID) Finsth et text 
From (5.7) and (5.10) we get 
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É (D.4) 
DE EIDE DEDE ER | 
a a 
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which by (D.4) may be written 
hr, l;m " h, ES ERE GE VERA E (D.5) 
By means of (A.2) we then get for the Riemann curvature tensor 
Ram SE SÆDE bi= DØ |m DE Mn PÆN Sa ng Ve TE Øl En (V mi oe Dr) : e 6) 


Contraction with respect to the indices i and I gives the contracted curvature tensor 


Bim > Ban æn VD mg Im 7 VE sp er == Vo VD mg vi eg ae SD Vara) 
or byt (3:10); 
kr ED ER KE KODE ADT se SED ner (D:7%) 
By further contraction we get the curvature scalar 


R= Re =—2D ED Du sy, (D.8) 


The equations (D.7-8) are identical with the equations (5.12) in the text. 
If p(æx) is a scalar field, we have by definition 


VD HEDE skeer (D.9) 


Then, if Å, is a vector field, we can form four scalar fields Å = hA, (the local tetrad 
components) from which we get four vector fields by the operation (D.9), i. e. 


Here we have used the equations (5.7) and the rule for covariant differentiation of 
products of tensors. From the vector fields (D.10) we can form tensors by further 
covariant differentiations: 


46 Nr. 10 
a 


4 (SAN ARRE Dare Dai 
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where we have used (D.10). On the other hand, we get by differentiation of (D.10) 


, ad. da, 
Arne RO ANSE RS FEE HAS SER (DS) 
Hence, 
aa. a 
KA jet Ås rd") = Å, x,1 
OT 
a 
År |x LP År der > RG Å, x,1 (D.13) 


If we subtract from (D.13) the equation obtained by interchanging k and I we get, 
a a 
since Å 7 ;=Å 1, x> 


Åre Åre —Å4 114", (D.14) 


where we have introduced the tensor 
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The equation (D.14) is the commutation law for covariant differentiations of the second 
kind of a vector field. It is seen at once that a similar equation holds for any tensor 


År4,….+, With an arbitrary number of indices, i. e. we have 
z n S 


HÆS r 
een | irere tee Åasegen el kl: (D.16) 


In order to prove (D.16) we have simply to form the scalar fields 


d1d2"" "dn 


sg da; ERE 
=Rh"Rht.... hr Ai, ii, 


and repeat the operations performed in (D.10-14) on these scalars. We also get from 
(5.5), for any vector field, 


Å; FAE i == Ås x År FEs MERE (DEA) 
Covariant differentiation of (D.14) gives 
Å ilx TIM AG t|k|m Eris r Ege Falsn ak lege (D.18) 


Adding to this equation the two equations obtained by cyclic permutation of the 
indices k, I, m, we get 
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which, by means of (D.16), can be written 


EET EA SEE CA Fe nr ar PADS 
= RE ENDE 


By application of (D.14) this equation takes the form 
LSE DOS ERE NEEDS BAR EES ES Sy AE SE sake BARRE 54 LS SE VE (D.19) 


Since this equation must hold for any vector field A,, the bracket in (D.19) must be 
identically zero. Thus, we get the identity 


NB |m TA ulk + Af nx | TEA FAE HA LATE BASA =(0). (D.20) 


From (DAS) MS:O )EWer set 
Mn ARE kg = Pr: (D.21) 


Thus, by contraction of (D.20) we obtain the identity 


EPE PE 1 Pr gr 0 (D.22) 
oT i 
Are Pe ED] 0 (D.23) 


by (D.17) applied to the vector field Ø,. (D.23) is the identity (5.13) which shows 
that the contracted curvature tensor R,, given by (D.7) or (5.12) is symmetrical. 
Similarly, it is easily seen that the well-known relation 


Rn ER gg 0 (D.24) 
holding for the Riemann curvature tensor (D.6), is a consequence of the identity 
(D.20). The symmetry relations 

Fixtm = — Britm = — Birmi = Brimi (D.25) 


follow directly from (D.6) and the symmetry properties of Y;r- 
Finally we note that the derivative of the determinant 


m=det (nj 


by well-known rules for differentiation of determinants, is 
Dk k 
a 


Thus, the covariant divergence of the second kind of a vector field ASS by 
(5 )Randk (DP) (DM) MDA 
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aA G= Ar; AA (=47 444 (AHA i) | 
h 
= ABA +A'D,, (DESI) 
re: 1 
Aemr (RA), 47 AD. 
Similarly, for tensor fields of rank 2 and 3, 
AF em (RAP), FAR D AFA, (D. 28) 
: 1 ; 
Thus, for the corresponding tensor density, 


In particular we get by (D.15) for the superpotential U,' which is antisymmetric 
in k and I 


UV E +UF ØD, UFA +] PAR (D.31) 


Therefore the energy momentum complex T,” may also be written 
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Now, by (3.13) we have 
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Using (5.12) and the fact that R,, = R,4, we get after a simple calculation 


i x | 
with £ given by (3.12). 
Hence, 
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On account of (D.15), this expression is easily seen to be in accordance with the earlier 
expression (3.14). The first term in (D.34) is a tensor and, from the transformation 
law of the quantity 4',,, we get at once the general transformation law for i. Under 


arbitrary transformations we have, in analogy with the Christoffel formula, 


AG; ANER DE 7 Gam od da: | Ox" Ox" 
A SIG h h4,: — dx" å dx” dx AE ie. Dai e,t 
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5 
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(D.35) 


The last term corresponds to a tensor transformation and, since also U,,” is a tensor, 
we get by (D.34-35) 


1 UGE Gare mp gel 
AIG w F? kl … 0'æ 
t Fr og Jam (ÆG 1 UR dar Iældæi (D. 36) 
oT 
£2 6 ag É da! od dx IT m om 
fe dar == mn (E ): U,”" "| (DES) 


in accordance with an unpublished result by C. PELLEGRINI. From (D.37) it follows 
that EL is a-scalartandiinlfact one-seltsttrom=(D; 34) 


== (D,D" — vv”) - &/x| hl. (DF38) 


Also one sees that 14” transforms as a vector under the group of purely spatial 
transformations (2.3). 
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